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LONGITUDINAL STRESS PULSE PROPAGATION IN
NONUNIFORM ELASTIC AND VISCOELASTIC BARS

M. MAO and D, RADER

Department of Engineering and Applied Science, Yale University, New Haven, Connecticut

Abstract-Stress pulse propagation along homogeneous but nonuniform bars is investigated. The bars have
two uniform end sections ofdifferent diameter joined by a finite transition region. When a pulse is incident on the
transition it is distributed over an infinite network of paths leading to transmission and reflection. In the analysis
the transition is approximated by a set of discrete steps in area. A finite set of paths which contribute significantly
to the pulses of reflection and transmission are identified and included in the calculations for the two pulses.
The basic analysis is suitable for elastic pulses of arbitrary shape and is reformulated in harmonic form for use in
viscoelastic bars. Calculated and experimental results are found to be in good agreement.

1. INTRODUCTION

IN THIS paper, the propagation of uniaxial longitudinal stress pulses is investigated in
bars having a region of continuously variable mechanical impedance. An analysis is
presented wherein such regions are approximated by a set of discrete impedance steps.

The analysis is applicable whether the physical basis for variable impedance is inhomo
geneity of material properties or nonuniformity of geometry. However, since it is more
convenient to produce experimental specimens with prescribed geometry than with
prescribed material properties, the problem is considered in the context of homogeneous
but nonuniform bars.

Of specific interest is pulse propagation in elastic and viscoelastic bars having a single
nonuniform region which serves as a transition between two uniform end sections. When
a stress pulse impinges on the transition from one of the end sections there will be an
infinite sequence of transmissions, reflections, reflections of reflections and so forth.
Ultimately a net pulse of transmission and one of reflection can be observed in the end
sections. In general these pulses will be distorted versions of the original pulse.

The earliest investigations of wave propagation along nonuniform or inhomogeneous
bars were concerned with abrupt rather than gradual changes in impedance. Rayleigh [1]
considered the propagation of extensional waves along an elastic wire having an abrupt
change in impedance caused by joining two dissimilar segments; Kolsky and Lee [2]
studied the transmission and reflection of a pulse incident on the junction between two
viscoelastic bars of the same diameter; Ripperger and Abramson [3] considered extensional
and flexural pulse propagation along an elastic bar in which an impedance jump was
brought about by an abrupt change in cross section.

Other workers have investigated wave propagation in bars and plates having regions
of continuously variable impedance. Thus, Donnell [4] discussed the transmission and
reflection of waves in bars with gradual changes in diameter, and suggested that nonuniform
regions be approximated by a set of discrete cylindrical elements. Reed [5] formulated a
computer code to keep account of reflections and transmissions along paths through such
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a set of discrete impedance steps. Lindholm and Doshi [6] obtained a solution for the
transmission of an extensional pulse along a uniform bar in which the elastic modulus
varied with position according to a simple power law.

In the present analysis it is possible to consider the transmission and reflection of a
pulse of arbitrary shape passing through a region in which the variation in impedance is
also arbitrary. This is done by tracing the paths of reflection and transmission through a
sequence of discrete impedance elements approximating the region in a manner similar
to that employed by Reed [5]. Requisite calculations are carried out at each impedance
step of a subdivided transition region to determine the amplitudes of the reflected and
transmitted portions of a pulse at that station. The sequence of calculations is ordered
in such a way as to include only those selected paths through the transition which contribute
significantly to the final transmitted and reflected pulses.

For the elastic problem, the incident pulse is approximated by a sequence of narrow
rectangular pulses. A set of reflection and transmission coefficients is computed for an
elemental rectangular pulse of unit amplitude incident on the transition region. These
coefficients determine the transmission and reflection shapes for the elemental pulse and
the results for an arbitrary incident pulse are obtained by superposition.

In the viscoelastic case, the coefficients of the elastic problem are incorporated in an
analysis which is formulated in terms of sinusoidal wave trains. This is then applied to
the Fourier spectrum of an arbitrary incident viscoelastic pulse.

The experimental specimens were given a simple geometry to facilitate machining.
In each bar two uniform circular end sections were joined by a transition region in the form
of a frustrum of a right circular cone. Pulses were produced by the impact of a steel ball
at one end ofa bar and were detected using paired semi-conductor strain gauges. The experi
mentally observed incident pulses are used as data for the calculations, the results of
which are then compared with the experimental reflected and transmitted pulses.

2. ANALYSIS FOR ELASTIC BARS

The arrangement for the computational procedure is shown schematically in Figs. I(a)
and l(b) for a conical transition in a bar with cylindrical end sections. In general, the transi
tion will of course not be conical, but an arbitrary transition geometry can likewise be
approximated by a set of uniform elements.

In each element it is assumed that the equation of motion given by the elementary
theory of wave propagation along a uniform elastic bar can be used, i.e. the one dimensional
wave equation. It is implicit in the elementary theory that the ratio of wavelength to bar
radius is much greater than unity. For a pulse, this condition must be met by the wave
lengths of the dominant harmonics in its Fourier spectrum. Thus for sufficiently long
wavelengths lateral inertia can be ignored and the stress distribution is sensibly uniform
through the cross section. The wave speed, c, is then a constant given by c = (E/p)-t where
E is Young's modulus and p the density.

In Fig. l(a) the transition of length L is divided into any number of desired increments,
each of length ~x. In the figure, there are 5 sections (6 junctions) for illustrative purposes.
The junctions between elements are numbered consecutively in the direction ofpropagation
of the incident pulse [Fig. l(b)]. The elements are numbered in the same way, but the first
element is taken to be the uniform section on the incidence side of the transition. Thus.
junction j occurs between elements j and j + 1.
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FIG. I. (a) Bar geometry. (bl Path network in position-time plane.

At each junction the equations relating ai> a, and at, the incident, reflected and trans
mitted stress amplitudes respectively, can be deduced starting from the well known solution
to the wave equation (e.g. [1, 3, 7]). As a result of internal reflections incidence can occur
from either side of a junction. Thus, if Aj and Aj + I are the cross sectional areas of adjacent
elements, the sets ofequations for reflection and transmission amplitudes at the jth junction
are

(1)

and

(2)

where

(3)

and

A j - A j + 1 2A j + 1ih = - qj, Pj = (4)
A j + I + A j A j + I + A j'

The unbarred quantities are appropriate when local incidence is in the direction of in
creasingj, and the barred quantities are appropriate when local incidence is in the opposite
direction. In the more general case where material properties also vary, Ai and Aj + I are
replaced by pJ<:jAj and Pj+lCj+lAj+l respectively in (3) and (4). The cross sectional area
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of each element is based on the mean value of the diameter of the transition region over the
length Ax occupied by the element. In deriving (1) and (2) it is assumed that the angle of
incidence is ninety degrees at each junction. This limits the local slope of the transition
region to a reasonably small range of angles.

Consider now a rectangular stress pulse of unit amplitude [Fig. l(b)] incident on the
small end of the transition. It is convenient to choose the time duration of the pulse equal
to twice the time of passage across a single element, i.e. At = 2Ax/c.

It is clear that the paths which lead to transmission and reflection [Fig. I(b)] include
only even and odd numbers of internal reflections respectively. From the definitions of
qj, Pj in (3) and ih, Pj in (4) one has in general

Thus the magnitude ofa path contribution depends primarily upon the number of included
reflections and it is useful to introduce the terminology of "path order". For transmission
a first order or "primary" path includes two reflections, a second order or "secondary"
path includes four reflections, and so forth. Similarly, for reflection, a primary path includes
one internal reflection, a secondary path includes three internal reflections, and so forth.
In the case of transmission there is also a special direct path which undergoes no reflections
in passing through the transition region. This path leaves the transition on trajectory I.
The contribution of individual paths of successive orders evidently diminishes approxi
mately by the factor q2 for both reflection and transmission trajectories provided that Iql
is approximately constant along the transition length.

In general there will be a combination of primary, secondary and higher order path
contributions leaving the transition region on the various exit trajectories of reflection
and transmission. Thus it is convenient to categorize paths in groups according to their
exit trajectories. The total amplitude ofa group exiting from the transition on trajectory In,

say, will be designated as am for the transmission trajectories and 13m for the reflection
trajectories.

The coefficients can be written as the sum of contributions of a hierarchy of paths of
several orders. Thus, in general,

and

13m = fJ~ + /3; + fJ'::. + ...

(5)

(6)

where the number of primes on each term indicates the order of all paths included in that
term. Except for the particular case when In = I, the last term in (5) and (6) will include a
single path of order In - I. Thus one is able in principle to include all possible path
contributions in a given group. In many cases of interest however, it is possible to neglect
all but the lowest order contributions without introducing significant error.

This can be illustrated by considering the reflection trajectories for a transition region
subdivided into k elements. It will be useful to first introduce the concept of "time zones",
which are defined naturally by the round trip passage time of a wave over the length of
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the transition. If there are k impedance elements, the first time zone ends at trajectory
m = k + I, the second at m = 2k + I, the third at m = 3k + I, and so forth. In each
successive zone the lowest order path included in the previous zone is deleted. In Fig. Ib
(k = 5) the first 6 trajectories fall within the first time zone and are shown as solid lines.
The second time zone begins with trajectory 7 which is shown as a dashed line. Thus,
there are no primary paths of reflection or transmission beyond trajectory 6.

For the reflection trajectories (in a transition of k elements) it will be noted that there
is only a single primary path on each of the trajectories in the first time zone. There are
no secondary paths in groups 1 and 2 but there is one included in group 3, three in group 4,
six in group 5 and so on. Thus in the first time zone the number of secondary paths, 11;;',
included in the mth reflection group is

11;;' = 1 + 2 + 3 + ... + m - 2
(m - 2)(m - 1)

2
m = 3, 4, 5, ... ,k + 1. (7)

Beyond the first time zone the secondary paths decrease in number with only one remaining
on trajectory m = 2k + 1.

A somewhat more complicated analysis gives the following expression for r(~, the
number of third order reflection paths within the first time zone:

II! (m - 3)(m - 2)2(m - 1)
Yfm = 12 ------, m = 4,5,6,7, ... , k + 1. (8)

In a typical case considered in this paper the number of impedance elements is k = 20
and the approximate mean value of the local reflection coefficient is Iql = 0·03. In the
first time zone the contribution of third order reflection paths is small relative to those of
second order, but is greatest at m = 21. Thus, using (7) and (8), one has (11~lN21) q2 :::: 0,05,
or about 5 per cent, and further, one has (11~d'12 d q2 :::: 0·01 or about 1 per cent. Thus, in
this example, it is reasonable to restrict calculations for Pm to primary and secondary
paths in the first time zone. These restrictions are likewise applicable to the transmission
paths. Primary and higher order transmission paths contribute chiefly to the tail of the
transmitted pulse which is dominated by contributions along trajectory 1.

Numerical calculations for am and Pm are simplified considerably, as in the foregoing
example, when the number of significant path orders and time zones can be ascertained.
In most of the examples given in this paper it is possible to restrict calculations to primary
and secondary paths in the first time zone without significant error.

However, in order to obtain an estimate of the relative contribution of two successive
path orders, it is necessary that Iql be reasonably uniform over the length of the transition
region. For a conical transition this requires that the ratio of the terminating areas not be
too great. When this is the case it follows in turn that the calculations can be satisfactorily
restricted to primary and secondary paths in the first time zone although the details of
the calculation depend upon the choice of k. If, however, the ratio of terminating areas
is of the order of 10 or greater, Iql changes rapidly along the transition and one finds that
Iql is relatively large near the small end of a conical transition. In such cases it is difficult
to obtain reasonable estimates of path contributions and moreover the numerical cal
culations cannot be restricted to primary and secondary paths within the first time zone.
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The procedure for calculating iXm and 13m can be illustrated using the typical path
network of Fig. 1b. Considering the reflected pulse first, the primary path coefficients in
the first time zone are

(9)

fJ~ = ql

132 = PlqZPt
13; = PIPZq3iizPl
f3~ = PIPZP3q4P3PZPl
f3~ = PIPZP3P4qsP4P3PZPl
f36 = PIPZP3P4Psq6PSP4P3PZPt

After appropriate grouping of terms one finds that the secondary path coefficients can be
expressed in terms of the primary path coefficients (9) as follows

f3'i = 0
f3'2 = 0
f33 f32qZql
13'4 f33(qZQ3 + qtQz) + f3;(qtQ3PZPZ)
f3~ f3~(q3q4 + qZq3 + qtqz) + f33(qZq4P3P3 + litQ3PZPZ) + f32(iitq4PZPZP3P3) (10)
f3~ = f3~(q4QS + ihq4 + iiZQ3 + qtQz) + f3~(q3QSP4P4 + liZQ4P3P3 + iitQ3PZPZ)

+ f3;(iizQSP3P3P4P4 + iilQ4PZPZP3P3) + f32(ii,QsPZPZP3P3P4P4)

(I I)

m = 3,4, ... , k + I.

The expressions in (9) and (to) can be generalized for a transition region divided into
k sections. Thus, considering only primary and secondary path contributions in (6), one
has

131 = 13; ql
f3z = 132 PI qZPt

13m = qm ~r): PjPj + ~t~[f3~-n m:t~1 (iiiqi+n 't( Pi+jPi+ j)}

The first and second terms on the right hand side of the expression for 13m are the respective
general forms for the primary (9) and secondary (to) path contributions.

It will be useful to consider secondary path contributions in the second time zone for
reference in a later example. The expressions for f3~ in the second time zone of Fig. l(b)
are

f3~ = Stf36 + S2f3~ + S3f3~ + S4f33 + ssf3'z
f3~ = szf36 + S3f3~ + S4f34 + ssf3;
f3~ = .)3P6 + S4f3's + ssf3~

f3~o = .)4136 + .)sf3~

f3'i t = S5136

(l2a)

where

SI = ii,qz + iiZq3 + ihq4 + ii4Qs + iiSQ6
.)z = qtq3PZPZ + iiZQ4P3P3 + ii3QSP4P4 + ii4Q6PSPs

345

.)3 = iitQ4 n PiPi + iizqs nPiPi + li3q6 nPiPi
i~Z i~3 i~4

4 5

.)4 = iitQs n PiPi + ihq6 n PiPi
i~Z ;~ 3

• 5

.)5 = iilq6 n PiP;
i~Z

(l2b)
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If third and higher order contributions are ignored in the second time zone, 13m = 13~·

Generalizing (12a) and (l2b) one has
k

13m = L sn13~-n'
n=m-(k+ 1)

m = k + 2, k + 3, ... ,2k + 1 (l3a)

where
k

SI = L jhqj+ I
j= I

k+l-n j+n-I

Sn = L qjqj+n n PiPi,
j=1 i=j+1

n = 2,3, ... , k
(13b)

Expressions for the transmission path coefficients in the first time zone can also be
deduced by examining the path network of Fig. l(b) and can be written as

k+ I

0(1 = n Pi
i= I

k+1
O(z = 0(2 = 0(1 L (qiqi- d

i=Z

(14)

m = 3,4, ... , k + 1.
1 m- 1 I ,

+ -2 L O(iO(m-i+ I
0(1 i=Z

k+l( m-Z )
O(m = 0(1 ,L qiqi-m+ I n Pi- jPi- j

l=m J= I

The first term on the right hand side of the expression for O(m gives the primary path contri
bution and the second term is an approximate representation for the secondary path
contribution. It is generally sufficient to include the latter in an approximate way since
secondary path contributions are significant only at the tail of the transmitted pulse.

3. RESULTS FOR ELASTIC BARS

Notation defining the geometry of the specimens is shown in Fig. l(a). The diameter
of the small end of the bar is D I , that of the large end is Dz , and the corresponding cross
sectional areas are Al and A z respectively. The coordinate measured along the cone axis
is x and the origin is at the projected cone apex. Truncation planes for the transition are at
positions x I and Xz·

The particular geometry of the transition region is immaterial in the analysis and
enters the computations only through (3) and (4). If however the transition shape is a
cone, the results of a given calculation set for O(m and 13m depend only on x I and x z once the
number of elements k is chosen. Thus, changes in the terminating diameters affect only
the apical angle and this is immaterial in the problem, unless the angle is large enough to
invalidate the assumptions underlying the analysis. The coordinates XI and Xz can be
expressed in any units since the input pulse duration is automatically scaled through the
definition of 1'1t. The geometry of the bars used in the experiments is given in Table 1.

In the previous section it was indicated that for moderate values of the overall area
ratio, AzIA I , calculations for 13m and O(m could be restricted to primary and secondary paths
in the first time zone without significant error. Thus for bars 1-5 13m and am were given by
(11) and (14) respectively. The geometry of bar 6 was extreme, however, in the sense that
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TABLE I. GEOMETRY OF EXPERIMENTAL SPECIMENS

Bar dimensions in inches

Bar Xl '2
1 1

2 2 4

3 4 8

4 8 10

5 8 16

6 1 8

7 4 8

D,

,
I

d, d, L, L,
~,

71 15 20'2:
~ 7 16 22,

10 10 20 20

7 7 16 22
9 9 18 24

41 X 9

10 to 20 20

Material

Commercialt

Aluminum

(6061 T(51)

Polymethyl-methyacrylale

t Wave speed c = 20·0 X 104 in/sec.

the overall area ratio was A 2/Al = 64. In considering the reflected pulse for this bar it
was necessary to extend the calculations to the second time zone using (Ba), (Bb).

A set of calculated coefficients in the first time zone for bar 3 is shown graphically in
Fig. 2. The stepped curves are the net pulses of transmission and reflection arising from a
rectangular incident pulse of unit amplitude. Results for propagation in the positive and
negative x directions are designated 7;,(4,8), Ru(4,8) and 7;,(8,4) Ru(8,4) respectively.
In this notation the figures in parentheses are the terminating coordinates of the transition
and the order in which they appear depends on the propagation direction of the incident

a .13

0.49

0.05
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0.03

002
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~,__ f32
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FIG. 2. Reflection and transmission curves due to unit rectangular incident pulse. (a) Small end to large
end. (b) Large end to small end.
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pulse. Thus, for example, R(xh Xl) and R(xl, X1) are the reflections due to an arbitrary
incident pulse propagating in the positive and negative x directions respectively. The sub
script u indicates that the curves correspond to a unit rectangular incident pulse. In the
figure the reflection and transmission curves are drawn on the same time scale for con
venience, but the transmitted pulse is actually delayed by an amount Lie relative to the
reflective pulse.

The transition region of bar 3 was divided into 20 elements and there are thus 21
transmission and reflection coefficients in the first time zone. The first and last steps of
the reflection curves [Figs. 2(a) and (b)] are about half the height of the respective adjacent
steps. This results from the fact that the jumps in diameter associated with the first and last
impedance elements [Fig. l(a)] are approximately half that of the adjacent elements. The
basic time increment in Fig. 2 is !it = 2·0 p. sec so that the durations of the transmitted
and reflected portions of the pulse are 42 p. sec. In fact the pulses are infinitely long but
the contributions along trajectories in time zone 2 and beyond can be neglected and are
not shown. For clarity, the vertical scales in Fig. 2 are exaggerated below the time axes.

The procedure for calculating the transmitted and reflected portion of an arbitrary
input pulse requires superposition of the results for each discrete rectangular input.
Thus ifan arbitrary input pulse I(t) has a time duration t, it can be decomposed into Q t/~t
rectangular pulses where !it = 2lixle. If the incident pulse impinges on the transition at
t = 0, the reflection R(t) and transmission T(t) are given respectively by

Q

R(t) = L I(nlit). Ru(t - nlit) (15)
n= 1

Q

T(t) = I. l(n!it). 1;.(t nlit - Lie).
n= 1

(16)

The functions Ru and T" are determined for each bar specimen, as in Fig. 2. These functions
will depend upon the choice of k. Thus if k is doubled there will be twice as many steps
(Fig. 2) each of which is halved in width. Noting that Iql ~ 11k it is clear that at a given
value of the time, the step height will be approximately halved if k is doubled. However,
apart from improved accuracy as k increases, the results given by (15) and (16) are sub
stantially independent of k since Q ~ k. The choice of k is therefore chiefly a matter of
convenience.

Experimental pulses were produced by the impact of a small steel sphere on an end
of the specimen. The sphere was soldered to a fine steel wire and suspended from a pivot
in the configuration of a pendulum. With this arrangement the impact speed was readily
controlled and the pulses were therefore reproducible in a bar of given diameter. Contact
between sphere and specimen served to trigger the oscilloscope sweep via a time delay
circuit. The delay was set equal to the travel time of the pulse from the impact end of the
specimen to the first pair of strain gauges. The gauge pairs shown in Fig. I (G 1 G

l
,

G3 - G4 ) were connected in series to nullify the effects of any bending waves present and
the output of each pair was displayed on one trace of the oscilloscope.

Some typical experimental results are shown in Figs. 3(a-d). In Fig. 3(a), the first pulse
on the lower trace is the input pulse travelling in the positive x direction detected at the
first gauge station on bar number 5. The second pulse on the lower trace is the reflection
R(8, 16) detected at the first gauge station. The pulse on the upper trace is the transmission
T(8, 16) detected at the second gauge station.
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In Fig. 3(b) corresponding results are shown for bar number 1. The reflected pulse
RH, 1)and the transmitted pulse T(}, I) are shown on the lowerand upper traces respectively,

Although the incident pulses are identical in Figs. 3(a) and 3(b), a marked difference is
found in the shapes and durations of the reflections. On the other hand the transmitted
pulses have about the same shape but differ in amplitude and duration. The specimens used
for the experiments in Figs. 3(a, b) (bars 5 and 1 respectively) are identical except for the
length of the transition region.

The upper trace in Fig. 3(c) shows an incident pulse propagating in the negative x
direction followed by the reflected pulse in bar 5. The transmitted pulse appears on the
lower trace. Oscillations in the tail of the transmitted pulses result from the effects of
lateral inertia which are not completely absent in the experiments. This occurs because of
the presence of high frequency components in the Fourier spectrum of the incident pulse.

Figure 3(d) shows the displacement profile of the transmitted pulse in bar number 6.
The pulse input was in the negative x direction and strain gauges could not be conveniently
used on the small end of the bar. The pulse was therefore detected using a condenser micro
phone, of the type devised by Davies [8], at the free end on the transmission side of the
specimen.

The relation between the geometrical properties of the bars and the character of the
transmitted and reflected pulses is illustrated by grouping the results in three categories:
(a) the transition length, L, is fixed and x I is varied; (b) x I is fixed and L is varied; (c) X I and
L are varied but the area ratio A 2/A 1is fixed. Thus one can imagine constructing the speci
mens by removing various sections from a cone of given apical angle and inserting them
between cylindrical end sections of appropriate diameters. In practice, however, it IS

convenient to use a sequence of bars with the same end diameters and adjust the cone
angle to achieve the variations in (a), (b) and (c) above. As indicated earlier, the cone angle
is not a parameter in the problem.

Since most of the bars had end diameters of! in. and I in. it was possible to use two
standard incident pulses for the calculations. In the particular case of bar number 4, for
which one end had a diameter of ~ in., the input pulse shape was nearly identical to that
observed for 1 in. diameter bars. To facilitate comparisons, the incident pulse amplitude
for bar number 4 was normalized to match that for 1 in. diameter bars. The experimental
transmitted and reflected pulses for this bar were scaled by the same factor. In the case
of bar 6 there were no experiments involving impact on the small end of the bar.

In Figs. 4 and 5 calculated and experimental results are shown for bars 2 and 4 and
for an "imaginary" bar (dashed line) in which the transition length is constant at 2 in.
As the transition region is taken nearer the cone apex in Fig. 4 the transmission amplitude
decreases and the reflection amplitude increases. The reverse is observed in Fig. 5. In
addition the reflected and incident pulses are of like sign in Fig. 4 and of opposite sign in
Fig. 5. The experimental and calculated pulses for bars 2 and 4 are evidently in satisfactory
agreement.

In these and subsequent figures the pulse amplitudes are given in units of stress with
compression positive. The amplitude is irrelevant as long as the elastic range of the material
is not exceeded, but is shown for reference.

The results illustrated in Fig. 6 show that as L increases for fixed Xl, there is a sharp
decrease in transmission amplitude without a significant change in shape. However, the
duration of the reflected pulse increases markedly as L increases while the peak amplitude
remains nearly constant.
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In Fig. 7 results are shown for three bars in which the area ratio is fixed, i.e. A z/A 1 = 4,
as L and Xl are varied. The three transmission pulses were nearly identical and one of them.
T( 16,8), is deleted from the figure for clarity. These results together with those of Figs. 4.
5 and 6 indicate that the transmission shape is not strongly affected by changes in the
transition parameters. When the area ratio varies, the effect on the transmission is chiefly
in amplitude. An exception occurs in extreme situations where A 21AI» I, in which case
a significant tail develops in the transmitted pulse. Such an example is discussed in
connection with Fig. 8.

The reflected pulses in Fig. 7 are significantly different in amplitude and duration
even though A 21A I is fixed. From the previous results it is clear that for a givt-n incident
pulse the reflection amplitude depends on the proximity of the transition to the cone
apex and the duration depends on the transition length.

In the case of bar I in Fig. 7 the ratio of spatial pulse length to transition length is about
16. The transmission and reflection pulse shapes, T(1,!) and R(1,!) are nearly identical to
the incident pulse and their amplitudes are about the same experimentally as would be
given by treating the transition as a single abrupt step. Thus the ratios of peak experimental
amplitudes in the figure are (Trlai:':: 0·6, at/ai :':: 1·6 and the same results are obtained
from (1) and (2) taking AliA! = 4. Similar results are found when the incident pulse propa
gates from the small end to the large end [Fig. 3(b)]. Hence, if the dominant wavelengths of
a pulse are large compared to L, the details of the transition region can be ignored and it
can be treated as an abrupt change.

In Fig. 8 the reflected and transmitted pulse shapes are shown for an incident pulse
propagating from the large end to the small end in bar 6. Here, the cross sectional area is
reduced by a factor of 64 and the pulse very nearly reaches the cone apex. The small end
of bar 6 was only kin. in diameter and detection of the transmitted pulse by means of strain
gauges was thus impractical. The free end displacement was observed instead using a
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FIG. 7. Transmitted and reflected pulses for fixed overall area ratio.
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FIG. 8. Transmitted and reflected pulses in bar 6 (large end to small end). (a) Transmitted displacement
profile. (b) Stress profiles.

condenser microphone [8]. Displacement profiles were also calculated from corresponding
stress profiles by numerical integration of the latter according to the well known relation
between stress and the time derivative of displacement at the free end of an elastic bar,
i.e. (j = (pcou/ot)j2, [7].

The stress profile of the transmitted pulse was calculated using both the "regular
procedure", based on (14) and (16), and a "modified procedure". In the modified procedure
the transition was first divided into 3 subregions, each having a moderate overall area ratio
A 2/A 1= 4. The transmission through each subregion was calculated using the regular
procedure. Each transmission was then used as the input to the next subregion together
with back reflections from the previous one. This was continued until the final transmitted
pulse was obtained. By using the modified procedure it is possible to circumvent the direct
need for higher order paths and several time zones in calculations for bars with large over
all area ratios.

In comparing the calculated and experimental displacement profiles [Fig. 8(a)] it is
clear that the regular procedure gives satisfactory results only over the head of the pulse.
In the tail region, however (beyond 40 J1 sec), the results of the regular procedure are in
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poor agreement with experiment. The discrepancy arises for two reasons: (a) in the time
between 40 p. sec and the end of the first time zone (70 p. sec) the error is primarily due to
the approximate way in which secondary path contributions are included in (14). This
approximate expression underestimates the contribution of secondary paths; (b) the
regular procedure totally omits the secondary (and higher order) path contributions in
the domain beyond the first time zone. The results of the modified procedure are however
in satisfactory agreement with experiment.

For the reflected pulse, the exact contributions of primary and secondary paths are
included in the first time zone. In the second time zone the exact contributions of secondary
paths are included using (11) and (13a, b) and this is termed the "extended procedure".
Comparison between calculated and experimental reflection pulses [Fig. 8(b)] indicates
satisfactory agreement over the main portion (up to 90 p. sec) and less satisfactory agree
ment thereafter. The discrepancy between calculation and experiment in the tail of the
reflected pulse results from the omission of third order path contributions in the second
time zone.

When the incident pulse propagates in the negative x direction the signs of odd order
path contributions are negative. As the positive contributions of secondary paths diminish
in the second time zone, the third order contributions become dominant. This accounts
for the oscillations in the tail of the reflected pulse in Fig. 8(b). These oscillations persist
indefinitely as successive path orders dominate, but with decreasing amplitude. Similar
oscillations are present in the reflected pulses in other bars, but their amplitudes are smaller
relative to the main part of the pulse.

For each ofthe bars used in the experiments, and a number offictitious bars, calculations
were carried out to determine the momentum associated with the transmitted and reflected
portions of a rectangular incident pulse. This was done by numerically integrating over the
time duration of the stress pulse and multiplying by the cross sectional area of the bar.
The ratio of the momenta associated with reflection and transmission (MR!M[, MT/M[
respectively) is plotted against area ratio in Fig. 9. The momentum ratios depend only on
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A 2/A, as is illustrated by the reflection pulses in Fig. 7 which vary in shape and amplitude
but enclose equal areas.

4. NONUNIFORM VISCOELASTIC BARS

Kolsky and Lee considered pulse propagation along a composite bar formed by joining
two dissimilar viscoelastic bars of the same cross section and deduced the counterparts
of (1) and (2). The simpler result needed for the present case, in which only the area is
changing, may be obtained by beginning with the complex modulus representation for a
linear viscoelastic solid under uniaxial stress [9]

(17)

where au/ax is the strain and E, and E2 are the real and imaginary parts of the complex
modulus respectively. Let a sinusoidal wave of angular frequency p propagate in the
positive x direction and encounter an area jump Aj to A j +, at x = O. The incident, reflected,
and transmitted displacement profiles will have different amplitudes and can be represented
in the respective forms [2, 9J

Uj = D exp[ - yx + ip(t - x/c)]

Ur = Vexp[yx + ip(t + x/c)J

Ut = W exp[ -yx + ip(t - x/c)]

(18)

where y and c are the frequency dependent attenuation and phase velocity respectively,
and D = U, + iU2, V = V, + iV2 , W = W, + iW2 are the complex amplitudes. Con
venient expressions for y and c are available from the linear theory of viscoelasticity. Thus,
one has [9J

p tan (j/2
y=

c
(19)

where (j is the phase angle between stress and strain and is defined by tan (j = E2/E I' For
many linear viscoelastic solids tan (j is approximately constant (independent of frequency)
and is small compared to unity. When these conditions hold it is possible to show that [10,
11 J

[
tan (j ]

c = Co 1 + -n;-ln(p/po) (20)

where Po is a reference frequency and Co is the speed at that frequency.
The viscoelastic bar used in the present experiments (bar 7) was made of polymethyl

methacrylate. In this material tan (j ~ 0·036 over the range of frequencies in the Fourier
spectrum of the experimental pulse [12].

It is required that the displacement be continuous at x = 0, i.e.

(21 )
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and that the forces balance at the jump

[(0"; + O"r)A j O"/Ai+ l]x=O'

Using (17), (18), (2] ) and (22) one finds

(22\

WI = pjU I ,

(23)

Substituting each displacement of (18) into (17), taking the real or imaginary part, and
using (23), one finds that the incident, reflected, and transmitted stress amplitudes at x = 0
are related as in (I) and (2). Similarly the relations between the strains at x = °are
er = qje;, e/ = pje; (or er = iiJe;, £/ = pjeJ In the viscoelastic case it is appropriate to deal
with the strains since it is the straifls which are measured. The stress and strain profiles
of a viscoelastic pulse are not identical as in the case of elastic solids [2].

Thus the calculations for am and Pm in a homogeneous, nonuniform viscoelastic bar
depend only on geometry just as in the elastic case. The viscoelastic specimen used in the
experiments (bar 7)had the same geometry as one of the elastic bars (bar 3)and the previously
calculated coefficients could therefore be used again. However, in the viscoelastic case
one must account for the effects of dispersion and attenuation as a pulse propagates along
each uniform element of the transition. This necessitates a harmonic analysis.

Consider now an arbitrary pulse propagating toward the transition region along one
of the uniform end sections of a viscoelastic bar. If the strain pulse is observed at one of
the gauge stations it can be represented by a truncated Fourier series in the form

N

ti = L An exp(inpot)
n=O

where Po is an appropriate reference frequency, and An is a complex constant given by
An = an - ibn' The upper limit of the summation, N, is chosen large enough to obtain an
accurate representation of the pulse. The coefficients an, bn can be determined numerically
for an arbitrary pulse using the usual Fourier methods and are therefore regarded as known.

Let x' be a coordinate axis which is positive in the propagation direction of the incident
pulse and which has its origin at the start of the transition region. Thus referring to Fig. lea),
if the incident pulse propagates from the small end to the large end one has x' x - X I.

and if the pulse propagates in the opposite direction x· = X2 x. Consider for example
the former case in which the pulse propagates a distanced 1 between the first gauge station
and the transition. Then at x' 0 one has

N

£;(0, t) = L An exp[ - Ynd I + inpo(t - d dcn)]
n=O

(24)

where Yn and Cn are the damping coefficient and phase velocity respectively for the nth
harmonic [(19) and (20)]. It is convenient to make the substitution t 1 = t - dt!u, where v
is the approximate pulse speed, so that the time coordinate system moves with the pulse.
Thus, taking the real part of (24), expanding and collecting terms, one has

N

6;(0, t 1) L (a~ cos npot 1 + b~ sin npot d + Qo
n~l

(25al
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where

(25b)

The reflected and transmitted waves are composed ofcontributions along the respective
exit trajectories of Fig. l(b) and the amplitude of each contribution is obtained using the
appropriate reflection or transmission coefficient. The reflection and transmission coefficients
are attenuated in the viscoelastic case according to the total path length associated with
each trajectory. The path length for the reflection trajectories can be written in the form
ASm = (m - 1)2Ax and for the transmission trajectories the path lengths are ASm + L.
For a given frequency the times between exit trajectories are equal and are given by
Atn = 2I1x/cn• Thus, assuming the reflection and transmission pulses are adequately
represented by contributions in the first time zone, one has at x' °and x' = L respectively:

N k+ 1

e,(O, t d = I I Pm exp( - y"AsmHa: cos npO[t 1 (m - 1)!1tIlJ
"= 1 m= I

k+ 1

+b: sin npo[t 1 - (m - 1)!1tnJ} + ao I Pm
m=l

IV k+l {{ L L JelL, tz) = I I tim exp[ -y"(l1sm + L)J a: cos np tz + - - - (m - l)Atn
,,= 1 m= 1 V en

[
L L J} k+ 1+b: sinnpo tz + - - - (m - 1)!1t" + ao 2: IX m
V en m= 1

where t z = t l - Llv.
Equations (26) and (27) can be rewritten in the respective forms:

N k+l

8,(0, t 1) = I [a~ cos npot1 + b~ sin npot IJ + ao I Pm
n=1 m=1

N k+l

St(L, tz) = 2: [a~ cos npotz + b~ sin npotzJ + ao I tim
n=1 m=1

where

k+ 1

a~ = I {exp( -Y"Asm)Pm[a: cos npo(m - f)Atn - b: sin npo(m - l)!1tnJ}
m=l

k+1

b~ = I {exp( Yn l1sm)Pm[b: cos npo(m - f)l1tn + a: sin npo(m - l)l1tnJ}
m=1

(26)

(27)

(28)

(29)

(30a)



(30b)
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k+l{ . ( [L L 1a~ L exp[ - Yn(Lism + L)]otm a: cos npo --:- ---. + (m ~ l)Litn.
m= t _i n l ..

b: sin np{ ~ - ~ + (m - 1)Lil,])}

k+ I { ([L L Jb~ = L exp[ - Yn(Lism + L)]otm b: cos npo --:-.. - .~. + (m - l)Atn.
m= I (" 1

+a: sin np{ Z, - ~ + (m - l)Lit,,])}

Thus (28) and (29) are the Fourier representations of the reflected and transmitted
pulses respectively at the ends of the transition region. To facilitate comparison with experi
ment, each pulse must be calculated at the location of the appropriate gauge station;
x' d l for the reflection, and x' dz + L for the transmission. Noting that Yo = O.
multiplying each term in (28) and (29) by exp (- 'Y"dd and exp (- 'Y"d2 ) respectively, and
making the substitution If = II - dill', and I~ = 12 - d2/v. one obtains

N

cr ( - dI, If) = L exp( - y"ddl (a~ cos np0 8n + b~ sin np0 8n)cos npotf
n= t

k+1

(br () r' ()). *1 '1\ (J+ ncos npo '" all SIll npo n SIn npot 1 J + ao L. m
m=l

N

ct(dz + L, m= L exp( -Ylld2){(a~ cos npo1>n + b~ sin npo1>n) cos npot~
n= 1

(31 )

k I

+ (b~ cos npo1>n a~ sin npo1>n) sin npot~ l + ao L Y. m (32)
m=l

where

Equations (31) and (32) are the desired final forms for the reflection and transmission
strain pulses respectively. These equations account for the total distortion of a visco
elastic pulse resulting from propagation in both the uniform and transition sections.

Calculations were carried out for the reflected and transmitted pulses in a polymethyl
methacrylate specimen (bar 7) based on an observed incident pulse. The basic interval
of the Fourier summation was 500 J.1 sec which corresponds to a fundamental frequency
of Po 12·6 x 103 rad/sec. A value of Co = 8·66 X 104 in/sec was used for the wave
speed appropriate to this frequency. The pulses could be adequately represented by
N 25 harmonics. Experimental and calculated results are shown in Fig. 10 and are
evidently in satisfactory agreement. A separate calculation is shown for the same incident
pulse, assuming the bar to be elastic (tan c:5 = 0). The elastic and viscoelastic pulses are
similar but the viscoelastic effect is clearly evident.

The computations were performed with the help of a digital computer throughout.
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5. CONCLUDING REMARKS

A method has been presented for computing the reflected and transmitted portions of
a longitudinal stress pulse propagating through a finite region of continuously variable
cross section in a bar. In an elastic solid the problem is treated in terms of discrete rect
angular segments of a pulse. For a viscoelastic solid in which dispersion and attenuation
are significant, the elastic formulation is recast in terms of a harmonic analysis.

It has been shown that the transmitted and reflected pulse shapes are essentially the
same as that of the incident pulse if the dominant wavelengths of the latter are long
compared to the transition length. The amplitude of the reflection and transmission in
this case can be calculated in a single step by treating the transition as an abrupt change.

The regime ofgreatest interest, however, is that in which the dominant pulse wavelengths
are comparable to the transition length. In this regime the method presented is readily
applicable for pulses and transitions of arbitrary shape.

In cases where the overall area ratio is of the order of 10 or less, the basic method of
the paper works well even if computations are restricted to primary and secondary paths
in the first time zone. For larger values of the area ratio the method must be modified or
calculations must be carried beyond the first time zone and include third order paths and
higher.

The area ratio also determines the momentum associated with the pulses of reflection
and transmission. Thus, for a given area ratio, these momenta are not affected by making
the transition more or less gradual. The results in Fig. 9 and the foregoing remarks apply
equally in viscoelastic and elastic bars.

Finally it is clear that the method of the paper is applicable in a number of other
problems. These include stress pulse propagation along uniform bars with variable
mechanical properties, analogous optical problems, propagation of electromagnetic waves
in a waveguide of variable cross section, and so forth. In each case it is necessary to use
appropriate expressions for Pj and qj' These coefficients may be functions of frequency in
some cases but this is readily incorporated in the harmonic analysis.
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A6cTpaKT-l1CCJlCAYCTCll pacnpocTpaHcHlic liMnYJlbCa HanplllKCHlill BAOJlb OAHOPOAHbIX, HO HcpaBHO
MCpHbIX CTCp)J(HCH. CTCP)J(HIi HMCIOT ABa paBHOMcpHhIC KOHUCBblC CC'IeHlill, pa3HbiX AliaMCTpOB,
COC,l\HHCHHbIX KOHC'IHOH nCpCXO,l\HOj;\ 30Holi:. Kor,l\a liMnYJlbC ACHCTByCT Ha ncpcxoAHylO 30HY, TOr,l\a OH
pacnpocTpaIUICTcli no 6CCKOHC'IHOH CCTIi TpaeJ(TopliH, BC,l\YWliX AO ncpeAa'!H 11 oTpalKCHl1l1. B aHaJll13e
npli6JllilKaeTCli nCpCXO,l\Hall 30Ha MHOlKCCTBOM CKa'lKO-06pa3HbIX cTyncHcH B 06J1aCTI1. OTO)J(,l\eCTBJllII01C~

J(OHC'IHOC MHO)J(CCTBO TpacKToplill., KOTOpbIC 3Ha'iliTCJlbHO BHOCliT BJ(Jla,l\ B 11 MnyJIbCbl OTpalKCHI1~ Ii
ncpC,l\a'lli. )l,alOTclI paC'ICTbI ,l\Jlll ,l\BYX liMnYJlbCOB. OCHOBHbIH aHaJIII3 ~BJlllCTCli y,l\06Hb1M 1.\JI~ yrrpyrllx
liMrrYJIbCOB npOli3BOJIbHOH <jJOPMbI. BHOBb <jJOpMyJIlipyCTCli cro B rapMOHII'ICCKOH QJopMe, 1.\JI~

liCrrOJIb30BaHlili paC'ICTa B1I3Koynpyrlix CTCp)J(HCH. HaXO,l\IITCli Ha)lJJClKaWali CX01.\I1MOCTb MelKAY
'1liCJlCHHhIMIi Ii JKCrrCpliMCHTaJlbHhIMIi pC3yJibTaTaMII.


